The second-order spatial and temporal interference patterns with two independent single-mode He-Ne lasers are observed in a Hong-Ou-Mandel interferometer. Two-photon interference in Feynman's path integral theory is employed to interpret the experimental results. The conditions to observe the second-order interference pattern with two independent single-mode continuous wave lasers are discussed. It is concluded that two-photon interference exists for not only identical photons, but also photons with different spectrums if the detection system can not distinguish them in principle. The second-order temporal beating with two independent lasers can be employed to measure the coherence time and frequency of one laser if the properties of the other laser were known. *
I. INTRODUCNTION
Interference is at the heart of quantum mechanics and "it contains the only mystery" of quantum mechanics [1] . Based on the conservation of energy, Dirac derived his famous statement about the first-order interference of light that "Each photon then interferes only with itself. Interference between two different photons never occurs [2] ." Soon after the invention of laser, the transient first-order interference pattern with two independent lasers was reported [3] . It seems that the observed interference pattern is due to the interference of photons emitted by different lasers, which contradicts Dirac's statement. Pfleegor and Mandel further proved that the transient first-order interference pattern exists when, with high probability, one photon is absorbed before the next one is emitted [4] . It is suggested by Paul that the first part of Dirac's statement is correct, while the second part is not always correct [5] . On the other hand, Mandel and Wolf suggest that the observed transient first-order interference pattern does not contradict Dirac's statement [6] . The detection of a photon forces the photon into a superposition state in which it is partly in each beam. "It is the two components of the state of one photon which interfere, rather than two separate photons [6] ."
Mandel and Wolf further pointed out that the concept of photon is not helpful in understanding the transient first-order interference with two independent lasers [6] . However, this phenomenon can be well understood with the concept of photon if the superposition principle in Feynman's path integral theory is employed [1, 7] . When two independent lasers are superposed, there are two different ways to trigger a photon detection event in the observing plane. One way is the detected photon is emitted by one of the lasers and the other way the detected photon is emitted by the other laser. If these two different ways are indistinguishable, the probability amplitude of detecting a photon is the sum of these two probability amplitudes corresponding to the two different ways to trigger a photon detection event. There is first-order interference. When these two different ways are distinguishable in principle, the probabilities instead of probability amplitudes should be added, in which there is no first-order interference. It is the probability amplitudes of different alternatives interfere, not different photons. Hence one can still observe the interference pattern when the intensity of two lasers are so low that, with high probability, there is only one photon in the system [4] .
Besides the studies on the transient first-order interference with two independent lasers, the second-order interference with two independent lasers has also been studied recently [4, [8] [9] [10] [11] [12] [13] [14] [15] . All the interfering laser light beams are originated from the same laser except the ones in Refs. [4, 8] . In Ref. [4] , they observed anticorrelation between single-photon counting rates of these two detectors and concluded that there is first-order interference pattern. As explained bellow, what they observed is not the second-order interference pattern, but a product of two first-order interference patterns measured by two detectors, respectively. In Ref. [8] , they only measured the second-order spatial interference pattern in a Young's double-slit interferometer when the frequencies of these two lasers are close. In this paper, without any post-selection about the frequencies of the lasers, we will measure both the second-order spatial and temporal interference pattern with two independent single-mode He-Ne lasers in a Hong-Ou-Mandel (HOM) interferometer [16] . The conditions to observe the second-order interference pattern with two independent single-mode continuous wave lasers are also discussed in Feynman's path integral theory. The studies are helpful to understand the physics of the second-order interference of light.
The rest parts of this paper are organized as follows. The theoretical calculations and experiments are in Sects. II and III, respectively. Section IV includes the discussions based on the theoretical and experimental results. Our conclusions are in Sect. V.
II. THEORY
There are two different theories to interpret the second-order interference of classical light. One is classical optical coherence theory based on statistical optics [17, 18] . The other one is Glauber's quantum optical coherence theory based on the wave mechanical formulation of quantum mechanics [19] . Although the mathematical results in quantum and classical theories are equivalent for the interference of classical light [19, 20] , the physical interpretations are different in these two theories [21] . There are three different formulations of quantum mechanics, which are wave mechanics, matrix mechanics, and Feynman's path integral theory [2, 7, 22] . Besides the optical coherence theory based on wave mechanical formulation [19] , there should be optical coherence theory based on the matrix mechanical formulation and Feynman's path integral formulation, too. Comparing to the formulations of wave mechanics and matrix mechanics, Feynman's path integral formulation has the advantages of simplicity and easy to understand the physics of the calculations [23] . Hence we will employ two-photon interference theory based on Feynman's path integral formulation of quantum mechanics to interpret the second-order interference of two independent singlemode lasers. In fact, Feynman himself had employed path integral theory to discuss the first-order interference of light in a Young's double-slit interferometer [1, 7] , and two-photon bunching of thermal light [24] . Fano employed Feynman's path integral theory to discuss the second-order interference of two photons emitted by two independent atoms, respectively [25] . In our earlier studies, we also employed this method to discuss the subwavelength interference [13] , the relationship between the first-and second-order interference patterns [26] , and the second-order interference with laser and thermal light [27] [28] [29] . This method indeed shows the advantage of understanding the interference of light better. There are four different ways to trigger a two-photon coincidence count in Fig. 1 [7, 13] .
One is these two photons are both emitted by S A . The second one is these two photons are both emitted by S B . The third one is the photon emitted by S A goes to D 1 and the photon emitted by S B goes to D 2 . The last one is the photon emitted by S A goes to D 2 and the photon emitted by S B goes to D 1 . The key to employ Feynman's path integral theory to calculate the two-photon probability is to judge whether these different alternatives are distinguishable or not. Feynman employes Heisenberg's uncertainty principle to discuss whether the alternatives to trigger a single-photon detection event in the Young's doubleslit interferometer are distinguishable or not [1, 7] . We will follow Feynman's method to discuss whether these different alternatives to trigger a two-photon coincidence count are distinguishable or not.
In order to simplify the discussion, we assume the polarizations, intensities, and frequency bandwidths of these two lasers are the same. Photons are indistinguishable within one coherence volume [6, 30] . When the time difference between these two single-photon detection events in a coincidence count is less than the coherence time of the laser, all these four different ways are indistinguishable. The two-photon probability distribution is [7, 13] 
where we have written K α ( r j , t j ) as K αj for short (α = A, and B. j = 1, and 2).
is Feynman's photon propagator that the photon emitted by Source α goes to D j . ϕ α is the initial phase of photon emitted by S α , which is a constant during the coherence time and fluctuates randomly between different coherence times [31] . The extra phase π/2 is due to the photon reflected by a beam splitter will gain an extra phase comparing to the transmitted one [32] . ... means ensemble average, which can be treated as time average in our experiment [30] . When these two lasers are independent, e i(ϕ A −ϕ B ) equals 0. Equation
(1) can be simplified as
where c.c. means complex conjugation and the minus sign on the righthand side of Eq. (2) is due the π phase difference between the third and fourth terms in Eq. (1). The last two terms on the righthand side of Eq. (2) is due to the interference of the last two alternatives, with which the second-order interference pattern can be observed. The first two terms on the righthand side of Eq. (1) only contribute a constant background to the second-order interference pattern, which limits the visibility of second-order interference pattern [6] .
In the same condition, the one-photon probability distribution at D j (j = 1, and 2) is
When these two lasers are independent, Eq. (3) can be simplified as
Comparing Eqs. (2) and (4), although the first-order interference pattern can not be observed for long collecting time with two independent lasers, the second-order interference pattern can be observed in the same condition.
When the collecting time is shorter than the coherence time, the first-order interference pattern is given by
The first-order interference pattern can be observed for the initial phases of photons within the coherence time are constant [3, 4] . The second-order interference pattern can not be observed when the collecting time is shorter than the coherence time [26] .
The second-order interference pattern in Eq. (2) can be further simplified by taking Feynman's photon propagator into consideration. For a point single-mode laser source, Feynman's photon propagator is [13, 33] 
which is the same as the Green function for a point source in classical optics [17] . k αβ and r αβ are the wave and position vectors of the photon emitted by S α and detected at D β , respectively. r αβ = | r αβ | is the distance between S α and D β . ω α and t β are the frequency and time for the photon that is emitted by S α and detected at D β , respectively. Substituting Eq. (6) into Eq. (2), it is straightforward to have
where the approximation r αβ ≈ r β ∼ r (α = A, and B. β = 1, and 2) has been employed.
r β is the distance between the symmetrical position in the source plane and D β . This approximation is valid when the distance d is much smaller than the distance L between the source and detection planes [17] . ∆ω AB is the difference between the mean frequencies of these two He-Ne lasers. Assuming | k αβ | k (α =A and B, β=1 and 2) and only considering the one dimension case, the second-order coherence function in Eq. (7) can be further simplified as
Both the spatial and temporal second-order interference patterns can be observed in Eq.
(8). The visibility of the second-order interference pattern is 50%. Note that Eq. (8) is valid on condition that the time difference between these two photon detection events is shorter than the coherence time of the laser. When the time difference is longer than the coherence time, there will be no two-photon interference.
III. EXPERIMENT
The experimental setup is shown in Fig. 2 , which is similar as the one in Fig. 1 . Two point sources are simulated by two independent He-Ne lasers (DH-HN250P) focused by two identical lens. The polarizers P 1 and P 2 are employed to ensure that the polarizations of the light emitted by these two lasers are the same. The distance between the lens and the detector planes all equal 695 mm. The single photon detectors (SPCM-AQRH-14-FC) and two-photon coincidence counting system (SPC-630) are the same as the ones we employed before [13, [26] [27] [28] [29] . Fig. 3(b) , where we have normalized it to the coherence function of single-mode laser [19] . When the value of x 1 − x 2 is less than -0.5, the normalized secondorder coherence function equals 1. These two single-photon detection events are independent [28] . The main reason is due to the frequency difference between these two lasers changes fast during the measurement. When 
IV. DISCUSSIONS
In the sections above, we have theoretically proved that there is second-order interference pattern by superposing two independent single-mode continuous wave lasers and experimentally verified it with two identical single-mode He-Ne lasers in a HOM interferometer.
Although our experimental results can be explained in classical theory [19, 20] , interesting point can be made if quantum theory is employed. We will take the second-order temporal beating in Fig. 4(a) for example. The measured coherence time and beating period are 48.2 ns and 7.0 ns, respectively. The frequency bandwidth of these two lasers are both 20.7
MHz [34] . The frequency difference between these two lasers is 142.8 MHz. Assuming the frequency distribution of single-mode He-Ne laser is Gaussian, the frequency distribution corresponding to the temporal beating in Fig. 4(a) is shown in Fig. 5 . The frequency separation is larger than the frequency bandwidths of these two lasers. The photons emitted by these two lasers are distinguishable by measuring their frequencies.
In the case that each laser emits one photon to trigger a two-photon coincidence count in in the condition in Fig. 4(a) . However, the second-order interference pattern is observed in this condition, which means there is two-photon interference. How can distinguishable alternatives interfere with each other? Does it not contradict the superposition principle in Feynman's path integral theory? The reason why there is two-photon interference with distinguishable photons is that the measurement in quantum mechanics is depend on the measuring apparatus. Although the photons emitted by these two lasers have different spectrums shown in Fig. 5 , these photons are indistinguishable for the detection system if the system can not distinguish them in principle. The Heisenberg's uncertainty principe is ∆ν∆t > 1 when considering the frequency and time measurement of a photon [22] , where ∆ν and ∆t are the measurement uncertainty of frequency and time, respectively. When the uncertainty of time measurement is ∆t for a detection system, this system can not distinguish photons with frequency difference less than 1/∆ν in principle [7, 22] . If the time measurement uncertainty of a detection system is zero, the frequency measurement uncertainty is infinity. All the photons are indistinguishable for the detection system, which means there are two-photon interference for photons of different colors. However, it is impossible to have a detection system with zero time measurement uncertainty. The response time of our detection system is about 0.45 ns [21, 35] , which can be treated as the uncertainty of time measurement. The detection system can not distinguish photons with frequency difference less than 2.2 GHz. The frequency difference of photons emitted by these two He-Ne lasers in Fig. 4(a) In a recent paper, Kim et al. discussed the condition for two-photon interference with coherent pulses. They claimed that coherence within the same input is essential for two-photon interference [14] . Based on the superposition principle in Feynman's path integral theory, the necessary and sufficient condition for two-photon interference is there are more than one different yet indistinguishable alternatives to trigger a two-photon coincidence count event [7] . What they found is the condition to observe the second-order interference pattern in their scheme [14] . The condition to observe second-order interference pattern is different from the condition to have two-photon interference. If there is no two-photon interference, there is no second-order interference pattern. However, the second-order interference pattern may not be observable even if there is two-photon interference. Some conditions must be satisfied in order to observe the second-order interference pattern.
In the second-order interference of two independent single-mode continuous wave lasers, the conditions to observe the second-order interference pattern are as follows: (I) the photons emitted by these two lasers are indistinguishable for the detection system. (II) The phase difference between these two lasers changes randomly or changes in the way to erase the firstorder interference pattern between these two lasers. (III) The central frequencies of these two lasers remain nearly constant during one measurement. The first condition requires the frequency difference between these two lasers is less than the uncertainty of frequency measurement of the detection system. The second condition is automatically satisfied for two independent lasers as long as the collection time is much longer than the coherence time.
If the relative phase between these two independent lasers is constant, there is no second-order interference pattern. The observed pattern is the product of two first-order interference patterns. The normalized second-order coherence function equals to 1 in this condition. This is also the reason why there is no second-order interference pattern when a single-mode laser is incident to a Young's double-slit interferometer or Michelson interferometer. Due to the same reason, there is no second-order interference pattern for two independent laser within the coherence time, in which the transient first-order interference pattern is observed [3, 4] .
The observed anticorrelation in Pfleegor et al.'s experiment is due to the product of two first-order interference patterns [4] . The normalized second-order coherence function in their experiment equals 1, which means these two single-photon detection events are independent [28] .
The method above can also be employed to discuss the second-order interference with nonclassical light [6] . For instance, if these two point sources are single-photon sources, the two-photon probability distribution is
when these two single photons are indistinguishable. Note that these two photons are not necessary to be identical in order to have two-photon interference. The reason why there are only two terms on the righthand side of Eq. (9) instead of four as Eq. (1) is due to singlephoton source can emit only one photon at a time. The initial phases of the emitted photons should be random in order to observe the second-order interference pattern. Equation (9) can be simplified as
in which all the approximations as the one in Eq. (8) have been employed. The visibility of the second-order interference pattern with single-photon sources is 100%, which is consistent with the conclusion in Ref. [36] .
Based on the discussions for the second-order interference with classical and quantum light above, the conditions to have two-photon interference are the same for classical and quantum light. There is no difference in interference for these two kinds of light. The reason why the interference patterns are different for classical and quantum light is due to the properties of the light sources are different. Hence it is questionable to say classical light has classical interference while nonclassical light has quantum interference . There is indeed some difference between the classical and quantum interference as pointed out by Dirac [2] .
For instance, in the case of a classical system for which a superposition principle holds, a state superposed with itself will get a different state. While in quantum system, a state superposed with itself will get the same state. The difference between the superposition principles in classical and quantum theories is different from the one in the second-order interference with quantum and classical light.
V. CONCLUSIONS
In conclusion, we have observed the second-order spatial and temporal interference patterns with two independent single-mode He-Ne lasers in a HOM interferometer. The observed second-order temporal beating can be employed to measure the coherence time and frequency of one laser if the properties of the other laser were known. The necessary and sufficient condition to have two-photon interference is there are more than one different yet indistinguishable alternatives to trigger a two-photon coincidence count event. This conclusion can be generalized to the first-, third-, and high-order interference. We also discussed the conditions to observe the second-order interference pattern with two independent single-mode continuous wave lasers. Photons with different spectrums can have two-photon interference on condition that they are indistinguishable for the detection system. The interference with classical and quantum light are the same. The reason why interference patterns are different for these two kinds of light is due to the different properties of the light sources, not the interference itself.
